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Abstract 

Inspired by the small squared-mass difference measured in solar neutrino oscillation exper- 
iments and observability in neutrinoless double beta decay experiments, we suggest that the 
partial mass-degenerate limit, in which masses of the first two generation fermions are degen- 
erate, may be a good starting point for understanding the observed fermion mass spectra and 
mixing patterns. The limit indicates an 0(2) symmetry acting on flavor space of the first two 



generations. We propose a simple model for the lepton sector based on the group, which is 
a discrete subgroup of 0(2), and show that the model can successfully reproduce the experimen- 
tal data without tuning dimension couplings. We also show that the electron mass and 0™ NS , 
which is the smallest mixing angles in the PMNS leptonic mixing matrix, are moderately related 
with each other through CP violating phases. 
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I. INTRODUCTION AND MOTIVATION 



Although the Standard Model (SM) of particle physics agrees very well with results 
from various experiments, some problems and unsatisfactory points have also been pointed 
out. One of them is the lack of a guiding principle ruling the flavor structure of fermions. 
In this regard, the introduction of flavor symmetries is one of the most conceivable ex- 
tensions of the SM to understand the observed fermion mass spectra and flavor mixing 

n 

patterns and also well motivated from a viewpoint of string theories pj. 

Since, as concluded in Ref. j^J, most of the flavor symmetries need to be broken either 
spontaneously or explicitly at energy scales much above the electroweak scale, it is usually 
no easy task to answer the question, "What kind of symmetries should we introduce?" In 
order to answer this question, we need to find out the remnants of such broken symmetries 
in a low energy theory, and small parameters could be important for this purpose. If the 
symmetry breaking was slight, their breaking terms should correspondingly be small. 
Moreover, even if they were grossly broken, the breaking effects might be realized in low 
energies as effective non-renormalizable operators suppressed by their breaking scales. For 
instance, it is well-known that a Maiorana neutrino mass term can be constructed with 

n 

only the SM particle contents at mass-dimension five |3[: 

fi- 

C cS = —LiLjHH, (1) 



V 



where L and H represent the left-handed lepton doublets and the SM Higgs, respectively, 
and that the lepton number conservation is restored when one sets the neutrino mass term 
to zero 1 . In this case, the tiny neutrino masses could be regarded as breaking terms of 
the lepton number symmetry broken at the high energy scale A v . Hence, it might be said 
that small parameters in a low energy theory are the manifestation of new symmetries 
in high energies; zero limits of the small parameters correspond to unbroken limits of the 
associated symmetries. 

In the case of flavor symmetries, their remnants should appear in the fermion mass 
and flavor mixing terms. For example, one may line up the following candidates: 

I. #f 3 MNS < #f 2 MNS , # 2 P 3 MNS (or V™ NS < the others), 



1 In Ref. [J], the authors relate the tiny neutrino masses with the Peccei-Quinn symmetry. 



2. |# PMNS -45°| <# 2 P 3 MN; 



(or |^ P 3 MNS -l/v / 2|«^ P 3 MNS ) 



3. AmJ 2 



4. m{ ' 



u,d,e 



u\2 



[m 



<C m 



« Am 2 3 = \{m-f - (m^) 2 ], 



5. 0<f M « PMNS (or ^ CKM « \/ PMNS ), 

where 0?- and #^ KM stand for the mixing angles included in the Pontecorvo-Maki- 
Nakagawa-Sakata (PMNS), V PMNS , and Cabibbo-Kobayashi-Maskawa (CKM), V CKM , 
mixing matrices 2 , respectively, and m{ with / = u,d,£,u and i — 1, 2, 3 denote masses of 
the up-type quarks, down-type quarks, charged leptons and neutrinos. The first two items 
have attracted a lot of attention over the years as they indicate the limit of # P 3 MNS = 0° 
and #2 3 MNS = 45°, suggesting the /i-r permutation symmetry 6| or non-Abelian discrete 
flavor symmetries Ml in the neutrino sector. In fact a number of models based on these 

n n n 

symmetries have been proposed |8j. The recent reactor |9| and long-baseline [10[ neu- 
trino oscillation experiments, however, disfavor the vanishing # P 3 MNS : the latest data of 
the DAYA-BAY experiment [Uj give us 7.7a deviations from the vanishing # P 3 MNS with a 
rather large central value of # P 3 MNS ~ 8.7°. Furthermore, considerable deviations of # P 3 MNS 
rom 45° have also been found in the global analysis of neutrino oscillation experiments 
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141 ] . yet its confidence level is not high enough to conclude. 



In this work, instead of these two, we would turn our attention to the remaining three 
items listed above and discuss their consequences. The third item turns out quasi-mass- 
degeneracy between the first and second generation neutrinos unless m\ is much smaller 
than m v 2 in the normal neutrino mass ordering case. Let us focus on this partial quasi- 
degenerate region (roughly m v 2 = 0.05 ~ 0.10 eV) and consider the effective Majorana 
neutrino mass operator in Eq. ([1]). In the limit of m\ = m^, the Majorana neutrino mass 
matrix comes to respect the 0(2) flavor symmetry 15] 
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(2) 



2 In this paper, wc adopt the standard paramctrization defined by the Particle Data Group 
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where 



R 



\ 



cos 9 sin 9 ^ 
- sin 9 cos 9 
1 J 



P 



( 



1 0^ 
0-10 
1 J 



(3) 



In other words, L\ and L2 belong to a doublet representation of 0(2), e.g. 2 n , while L3 
behaves as a singlet representation, e.g. 1. (Notations of 0(2) are defined in Appendix.) 
The observed slight mass splitting between m\ and m v 2 is regarded as a breaking term of 
the 0(2) symmetry. At first glance, this partial degenerate limit seems to conflict with the 
charged lepton masses because they are strongly hierarchical. In the case of Dirac mass 
terms, however, one can assign a different doublet representation, 2 m ^ n , or the singlet 
representation 1 to the right-handed charged leptons, leading to 



( 






m{ 



\ 



or 



( 



\ 






m 3 i m 32 m 33 



\ 



/ 



(4) 



respectively, and one can see that the electron and muon are degenerate with zero mass 
in both cases. In this sense, the partial degenerate limit is applicable to not only the 
charged lepton sector but also the quark sectors. Rather, this picture appears reasonable 
since we can relate smallness of the light charged fermion masses with the 0(2) symmetry 
breaking. Also, we may be able to naturally understand some phenomenological relations 
among the CKM matrix elements [l6]. 

The 0(2) symmetry breaking triggers flavor mixing at the same time. On one hand, 
in the quark and charged lepton sectors, small flavor mixings are expected because the 
breaking terms are supposed to be much smaller than the leading terms defined in Eq. 
(jl]), and thus the observed small CKM mixing could be obtained 3 . On the other hand, in 
the neutrino sector, flavor mixing can be large since the leading neutrino mass matrix in 
Eq. (J2J) is almost proportional to the unit matrix if the neutrino mass hierarchy is mild. 
Then, it may be possible to realize the large PMNS mixing even thought the breaking 
terms are small. 



3 We notice that mixing between the first and second generations is not necessarily small because of the 
mass degeneracy. This could explain reason why 0f 2 KM is a little larger than the others 
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FIG. 1: The effective mass, (m ee ) 
of the oscillation parameters from 



m 2 [eV] 



of neutrinoless double beta decay as a function of within 3<7 errors 



13| while varying CP violating phases from to 2ir. The current upper 



bound by combining results from the EXO 



n| and KamLAND-Zen 



18| experiments at 90% C.L. and 
1^ are also 



the expected future bound by the next generation EXO and KamLAND-Zen experiments 
shown. 

To summarize, the partial degenerate limit seems to fit the observed fermion mass 
spectra and mixing patterns, and moreover it suggests an 0(2) flavor symmetry (or its 
subgroups) acting on flavor space of the first two generations. Yet another motivation 
to look at the partial quasi-degenerate region of neutrino masses is that the effective 
mass, (m ee ), of neutrinoless double beta decay is not vanishing even in the case of normal 
neutrino mass ordering 4 . In Fig. [TJ we plot (m ee ) as a function of m v 2 within 3a errors 



of the neutrino oscillation parameters from 



13] while varying CP phases from to 2 



7T. 



For example, if m v 2 > 0.05 eV, then (m ee ) > 0.01 eV, which would be accessible by the 



next generation EXO and KamLAND-Zen experiments [19j. Therefore, the partial quasi- 
degenerate region can be confirmed or excluded in the near future if the neutrinos are 
Majorana particles. 

In the next section, we show a simple model for the lepton sector by means of the Dn 



We would like to thank E. Takasugi for making us aware of this point. 
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symmetry, which is one of discrete subgroups of 0(2), where the order of is supposed 
to be sufficiently large so that all the doublet representations used in our model obey 
the same tensor product rules as those of 0(2). In this case, we are free from massless 
Nambu-Goldstone bosons, gauge anomalies etc. and thus can concentrate on the flavor 
puzzles. Inclusion of the quark sectors and enlargement of the symmetry to 0(2) will 
be studies elsewhere. Section III is devoted to summary and discussions. Notations and 
tensor product rules of 0(2) are summarized in Appendix. 

II. MODEL 

A. masses and mixings 





Li 


L 3 


k 


H 


Si 




2 2 


1 


1 


1 


2i 



TABLE I: Particle contents and charge assignments of the model, where 7=1,2 and i = 1 • • • 3 
denote the indices of generations, L and £ represent the left- and right-handed leptons, and H 
and 5i 5 2 are the SM Higgs and gauge singlet scalar fields, respectively. 

We embed the first two generations of the left-handed leptons into the doublet rep- 
resentation 2 2 , while we assign the trivial singlet representation 1 to the other leptons 
and the SM Higgs 5 , giving rise to the partial mass-degenerate limit. In order to lift the 
mass degeneracy, the flavor symmetry must be broken by a doublet representation, 
so that we introduce a set of gauge singlet scalars belonging to 2\. Particle contents 
and charge assignments of the model are summaries in Table [I] We consider the effective 
Majorana neutrino mass operator in Eq. ([I]) so as to keep our discussions as general 
as possible. Under the flavor symmetry, the charged lepton Yukawa and Majorana 

5 Alternatively, one can embed £\ and £2 into a doublet representation, too, as mentioned in Introduction. 
In this case, however, the electron and muon masses tend to be close to each other, so that we do not 
consider this assignment in this work. 
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neutrino mass terms are given by 



A. 

fu f 

—LjLjHH + —L3L3HH 



9u 



A V A F 



L 3 L I HH(S 2 )i + -4 T L 3 L / M(5* 2 ) / + -^-L^HH^S] 2 )! 



A V A% 



A V A F 



{L.jL k ) i HH(S 4 )i + J^ T {L J L K ) I HH{S^) I + ^(W/MdSf 



+ 



h 



■(LjL^jHHiS'lSl 2 )! 



A„A% 
h, 



A V A% 



-(LjL k )jHH(S* 2 \S\ 



(5) 



where yi, f u , g v and h v are dimensionless couplings, describes a breaking scale of the 
Dn flavor symmetry and we have ignored the next-to-next-to-leading terms in the charged 
lepton sector. Note that the gauge singlet scalars Si are postulated to be complex fields, 
and we invoke spontaneous CP violation (SCPV) via complex vacuum expectation values 
(VEVs) of Sj; otherwise the electron remains massless within the given particle contents 
even if one takes into account further higher order terms. We shall discuss the availability 
of SCPV in the next subsection and here define VEVs of the scalars as 



(H) = v, (S I ) = (s 1 e i ^ s 2 e^f 



(6) 



After the scalars acquire the VEVs, the charged lepton mass matrix takes the form of 



/ 



-M £ 

v 








\y°i vl y°s ) 



1 

+ A^ 

Ly F 



^ yA 2/2<5i 2/3^1 ' 



LV 



2/1^2 2/2^2 2/3^2 




1 y'xK ytft y' 3 5^ 

y'A y^l y'?M 
000 



/ " X " X " X \ 

y\d a y 2 °a y 3 °a ' 

// r- II r- ft r- 

ViOb y2°b y 3 0b 
000 



(7) 



where 



Si 



2 2icf>i „2„2i<f>2 



Sa 



s e 



2 _ 2 

s l s 2' 



5 2 = 2s 1 s 2 e i ^ 1+ ^\ 
5 b = 2si-s 2 cos(0i - cj) 2 ) 



(9) 
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FIG. 2: sin 2 0f 3 MNS as a function of sin 2 6*23 MNS for the cases of normal (left-panel) and inverted (right- 
panel) neutrino mass orderings. The la error bars are also plotted for the normal and inverted cases 
from Rcf. 



13 1 and Rcf. 



12| . respectively. 



while the neutrino mass matrix is given as 



A, 



( U o o ^ 



My 



\ 



/„ 
f' v 



1 

A 7 



+ 



A 4 



with 



h v e x + h' v e\ + h u e a 
Ke 2 + hl v e\ + ii' v e b 




/i„ + h v e x h u e 2 + h u e 2 






9'Jl 

h''e b 



gJi + g'Jl + gj a 
9J2 + g' v $l + g'lh 
g'lh 

\ 



h 

ll v €y 



1 "" * 







h 



K e y -{Kti + K e l + K e a + K e x + K e*) 



\ 



/ 



(10) 



e 1 = S 1 -S 2 , e 2 = 28 1 6 2 , 
e a = 5 2 a - 5l, e b = 2S a 5 b , 
(■x = 8i5 a - 5 2 5 b , e y = 5i5 b + 5 2 5 a . 



(11) 
(12) 

(13) 



Obviously, there exist a sufficient number of parameters to fit the experimental data, and 
there are no predictions for the fermion masses and mixings. Nevertheless, we would 
emphasize that the model can reproduce experimental data without making the dimen- 
sionless couplings hierarchical, thanks to the Froggatt-Nielsen 20| like mechanism. For 



S 



instance, in Fig [2J we choose the following parameter spaces: 



y° 3 = 1.0, y? = y° 2 = 1.2, Vl = -y 2 = y 3 = y[ = y' 2 = -y' 3 = 0. 
v"\ = -y'2 = -vl = °- 8 ~ L3 ? 

f' v = 1.0, f v = 0.90 ~ 0.95, g v = g" u = 0.9, g' v = 0.8 ~ 1.3, 

, / ^ ff -.1" HI! 

K = K = K = -K = -K = 0-8 ~ 1.3, 



51,2 



0.15 ~ 0.30, 0i j2 = ~ 2tt, 



(14) 

(15) 
(16) 



for the case of normal neutrino mass ordering and 

yl = 1.0, y\ = y° 2 = 1.2, Vl = -y 2 = y 3 = y[ = y' 2 = -y' 3 = 0.8, 

= -y'2 = -y'3 = 0-8 ~ 1.3, (17) 
f v = 1.0, f v = 1.05 ~ 1.10, g v = g'i = -0.9, g' v = 1.0 ~ 1.5, 
K = h' v = h'l = -/C = -C = -(1.0 ~ 1.5), (18) 



Sl,2 

Af 



0.15 ~ 0.30, 0i2 = ~ 2tt, 



(19) 



for the inverted case, and numerically compute sin 2 #2 3 MNS and sin 2 ^J^ 1 ^ 3 while imposing 
the la constraints 



Am 2 2 
Am 2 23 



sin 2 ^f 2 MNS 



(2.94 ~ 3.35) x 10~ 2 for Normal 
(2.97 ~ 3.30) x 10~ 2 for Inverted 

0.291 ~ 0.325 for Normal 

0.303 ~ 0.336 for Inverted ' 



(20) 



(21) 



from Refs. 



13] (for Normal) and [12j (for Inverted) and the charged lepton mass ratios 



at the Z-boson mass scale: 



^ = 4.74 x 10" 3 , ^ = 5.88 x 10" 2 , 



m. 



(22) 



from Ref . 



21] . As can be seen from the figures, a nearly maximal 6 , 2 3 MNS and relatively 



large #f 3 M are successfully obtained. In Fig. [31 we further place la constraints on 
sin 2 6 I 2 3 MNS and sin 2 ^j^ 1 ^ and plot Si/Ap versus s 2 /Ap. Although this analysis is based on 
the specific parameter choices, the figures show that Si )2 /Ap typically run from 0.18 to 0.28 
only if strong hierarchies for the dimensionless couplings are not assumed. Furthermore, 



9 



< 



0.28 



0.26 



0.24 — 



0.22 — 



0.2 



0.18 



0.16 




0.16 0.2 0.24 0.28 
Sj/Ap 



fc, 
< 




0.2 0.24 
Sj/Ap 



0.28 



FIG. 3: versus si/Ap for the cases of normal (left-panel) and inverted (right-panel) neutrino 

mass orderings. All the la constraints of neutrino oscillation parameters arc placed. 

in these parameter spaces, the second generation neutrino mass and the effective mass of 
neutrinoless double beta decay are estimated as 



rrin 



0.07 ~ 0.08 eV, (m ee ) = 0.07 ~ 0.08 eV, 



(23) 



for both normal and inverted mass orderings. 



Let us comment on a moderate correlation between the electron mass and ^ 3 MNS 
through the CP violating phases 0i 5 2- In the model under consideration, the limit of 
0i = 02 corresponds to the massless limit of the electron. This means that there exists 



22 



a novel relation between the electron mass and CP violation like the Timeon model 
and that 0i needs to be nearly equal to 2 - Suppose 2 = 4>i + an d 50 <C 1, then the 
first and second rows of the charged lepton mass matrix can be rewritten as 



2 «0i _i_ ql l „-2i(j>i 



Vi] (4 - 4 

4- y'[] 2sis 2 



V 



o 



/ 



[Vie 



2i<t>! 



\ 



y[e- 2i ^] 2 Sl s 2 




(24) 



where each term possesses rank = 1. The first term is mainly responsible for the muon 
mass while the second one is for the electron mass as long as yi and 0i are not tuned. 
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Therefore, in the first term, the first row should be somewhat smaller than the second 
row, which requires s\ ~ s 2 - Meanwhile, a 1-3 element of the neutrino mass matrix can 
similarly be rewritten as 

(MOia oc [g u e 2 ^ + g' u e~ 2 ^ + g" v ] {s\ - s 2 ) - i6<f> [g v e 2 ^ - g' u e~ 2 ^] 2s 2 . (25) 

Since [Ai u )i3 is a dominant factor in determining the size of #f 3 MNS , s\ — s 2 <C 1 and 
8(j) < 1 result in a small #™ NS . 

B. scalar potential and spontaneous CP violation 

In this section, we discuss the possibility for SCPV in our model. We expand the 
singlet scalar fields with its VEVs as 

(s\ (s 1 e i ^ + S 1 \ , s 

\S 2 J \s2e^ 2 + S 2 J 
We write the full scalar potential upto renormalizable level: 

V = V H + V S + V HS , (27) 

V H = a \H\ 2 + f3 \Hf , (28) 

V s = a s \S\ 2 + a' s Re [S 2 ] + ffi \S\l \S\l + \S\ 2 V \S\ 2 V + $ |^ |Sf 2 

+ (3' s Re[S 4 ] + 75 |^| 2 Re^ 2 ] , (29) 

V HS = A \H\ 2 \S\ 2 + X' \H\ 2 Re [S 2 ] , (30) 

where the couplings j3g (A = a, b, c) distinguish different combinations of Si j2 under the 
D N tensor product rules, and all of the couplings are supposed to be real. Substituting 
the VEVs into the potential, we obtain 

V H = av 2 + (3v 4 , (31) 
V s = a s (sl + si) + a' s (sl cos 20! + s 2 cos 20 2 ) + Ps( 8 i + 4) 2 

-4(3 b s s 2 si sin 2 ^ - 2 ) + F s {{s{ - si) 2 + As\s 2 2 cos 2 ^ - 2 )} 
+(3' s [si cos 40i + s 2 cos 402 + 2s\s 2 2 cos[2(0i + 2 )]] 
+ls{s\ + si) (si cos 20x + s 2 2 cos 20 2 ) , (32) 
V HS = \v 2 {s\ + si) + X'v 2 {sl cos 20i + s 2 2 cos 20 2 ) . (33) 
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dVc 



dV s 
dsi 



dV s 
ds 2 



Hereafter, we presume that the singlet scalar fields were completely decoupled from the 
theory at a high energy scale and investigate only the potential Vs- Then, the minimiza- 
tion conditions are calculated as 

= -2s 2 [ {a' s + 75 (si + 4) } sin 20 x + 2{fi h s + /3 c s )s 2 2 sin [2 (0 X - 2 )] 

+2f3' s (s 2 sin 40! + s 2 sin [2 (0 X + 2 )]) ] = , (34) 
-2s 2 [ { a ' s + 75 ( 5 a + s 2 2 ) } sin 20 2 - 2((3 h s + /3£)s 2 sin [2 (0 X - 2 )]] 
+2/3^ (si sin 40 2 + s 2 sin [2 (0 a + 2 )]) ] = , (35) 
2 Sl [ a s + a' s cos20! + 2(3 a s (sl + s 2 2 ) - 4/3|s 2 sin 2 (0! - 2 ) 
+2(3 c s {sl -s 2 2 + 2s 2 2 cos 2 (0! - 2 )} + 2/3^(s 2 cos40! + s 2 cos [2(0 X + 2 )]) 
+7s{s 2 cos20 2 + (2s 2 + s 2 )cos20 1 } ] =0, (36) 
2s 2 [ a s + a' s cos 20 2 + 2/3£(s 2 + s 2 ) - 4/3|s 2 sin 2 ^ - 2 ) 
-2(3 c s {sl -s 2 2 - 2sl cos 2 (0! - 2 )} + 2(3' s (s 2 2 cos40 2 + s 2 cos [2(0! + 2 )]) 
+ 75 {s 2 cos 20x + (s 2 + 2s 2 ) cos 20 2 } ] = . (37) 

Let us set a' s , (3' s and 75 to zero just for simplicity, then the first two conditions become 

2(05 + Ps)4 sm[2(0i - 2 )] = 0, 2(f3 b s + /3£)s 2 sin[2(0i - 2 )] = 0. (38) 

Suppose 0i — 2 , which is preferred from a model building point of view, the third and 
fourth conditions give us 

* +4 -mfw> (39) 

III. SUMMARY AND FUTURE WORKS 

Inspired by Am 2 2 <C Am^, we focus on a neutrino mass range in which the first two 
generation neutrinos are quasi-degenerate in mass. In the limit of vn\ = m 2 , a Majo- 
rana neutrino mass matrix respects the 0(2) flavor symmetry: the first two generations 
constitute a doublet representation while the third one acts as a singlet representation. 
We suggest that this partial mass-degenerate limit may be a good starting point for un- 
derstanding not only the observed neutrino mass spectrum but also the charged fermion 
mass spectra and flavor mixings. We propose a simple model for the lepton sector by 
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means of the symmetry, which is one of discrete subgroups of 0(2), and find that 
the model can successfully reproduce the experimental data without tuning dimensionless 
couplings. In the model, the electron acquires its mass after CP is spontaneously broken. 
A novel relation between the electron mass and #f 3 MNS through the CP violating phases 
0i,2 is also found. 

In the present work, we adopt the symmetry as our flavor symmetry in order to 
concentrate of the flavor puzzles of fermions. It is, of course, very challenging to enlarge 
the symmetry to 0(2) taking into account a new gauge boson and gauge anomalies. 
Also, the quark sectors should be included, and we need to check whether the CP phases 
responsible for the electron mass can simultaneously generate the realistic up- and down- 
quark masses with the Dirac phase in the CKM matrix. Yet another future work is to 
postulate a specific neutrino mass generation mechanism and implement the Leptogenesis 
mechanism. These issues will be studied elsewhere. 



ACKNOWLEDGMENTS 



The authors would thank to J. Kubo and J. Heeck for useful discussions and comments. 



Appendix A: Group theory of 0(2) 

0(2) is the group of rotations and reflections in the two-dimensional plane and com- 
posed of two singlet, 1 and 1', and an countably infinite set of doublet representations. 
The doublets can be characterized by means of natural numbers n £ N, such as 2 n= i ) 2,3,.... 
The tensor product rules are defined as 




(sij/i + x 2 y 2 ) © (xm - x 2 yi 



2 n 


® 


2 n 




( Xi 1 


M 






\x 2 J 








2„ 


<8> 


2m^n 





(Al) 

xiVi - x 2 y 2 \ 
xiy 2 + x 2 yx J , (A2) 
2 2n 



xm + x 2 y 2 \ / x x y x - x 2 y 2 



xiy 2 - x 2 yi 



x\y 2 + x 2 yi J ■ (A3) 



2m— n © 2 m j^ n 
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Note that, in Ref. 



23], 0(2) is denned in a different basis. 
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